The Du n-Kemmer-Petiau DKP relativistic equation has been recently uded to study the interactions of spinless mesons with nuclei. In view of this interest and also the interest to determine the phase space picture for hadronic quantum theory, w e present a derivation of the DKP equation on the generalized phase space proposed by Bohm and Hiley. Our development is based on the algebraic calculus introduced by S c h onberg and uses the idea of algebraic spinors due to Riesz and Cartan. The free DKP particle and the more general case of the DKP particle in a prescribed external electromagnetic eld are considered, and we obtain the DKP Liouville type equations for these cases.
I Introduction
The description of quantum systems using a generalized form of the Liouville equation is apropriate in the context where one wants to use a classical formalism to understand the nature of physical attributes usually associated with quantum mechanics. Quantities like spin, for instance, can be given a formulation in terms of a Liouville type equation in a relativistic phase space 1 . In such cases the spinorial character of the theory is contained essentially in the algebraic structure of the Liouville superoperator. Therefore, it is important to know h o w the spin algebras are combined with the differential operators involved in the Liouville equation as well as the domain of these operators . This combined structure is then what we mean by a generalized Liouville equation. In the relativistic case the role played by the so-called geometric algebras has been given attention as a way of understanding the nature of the relativistic phase space 1 . Following suggestions of Sch onberg and Bohm 1 2 , Holland 3 derived relativistic phase space equations for a massive spin 1 2 particle in an external electromagnetic eld. In his development, Holland takes the complex Dirac algebra C 4 and obtains the phase space representation of the Dirac and Feynman-Gell-Mann equations.
Recently 4, and Refs. cited therein the rstorder relativistic Du n-Kemmer-Petiau D.K.P equation has been analyzed as part of a program to study the interactions of spinless mesons with nuclei. Simultaneously and independently the D.K.P algebras which are associated to D.K.P equation have been studied from a modern perspective 5 .
In view of this recent i n terest in the use of the D.K.P relativistic equation, the study of D.K.P algebras and also the interest to determine the phase space formulation for hadronic quantum theory 6 , we propose in this paper a derivation of the phase space representation of the D.K.P equation for scalar particles. We will follow the algebraic calculus introduced by Sch onberg 2 and the mathematical development of Bohm and Hiley 1 based on the idea of algebraic spinors 7 . In doing so, we show that it is also possible to write relations of classical type in a relativistic phase space by means of the D.K.P. algebra. The paper is organized as follows. In section 2, along the lines of Sch onberg 2 , w e begin with the D.K.P equation for the algebra in the sense that the D.K.P operator acts on a subspace of the algebra. This allows us to suggest a broader meaning for this operator aiming to generalize the equation for further integer spins. This will also yields a relation with the Dirac algebraic spinors. We will then take from that and use a relativistic version of the WignerMoyal transformation to make the passage to a phase space equation. Section 3 will follow with an interpretation of our D.K.P Liouville type equation corresponding to scalar particles in an external electromagnetic eld. Section 4 closes with some conclusion remarks.In the Appendix the notation and some formal de nitions related to spinor spaces, Grassmann, Dirac and D.K.P. algebras are presented.
II Phase space formulation of the D.K.P relativistic equation
In this section, following Sch onberg 2 , we begin with the D.K.P equation in the algebra in order to give a broader meaning to this relativistic equation in terms of the algebraic spinors 7 . This will allow us to use the techniques introduced in 1 further on in the paper. The free D.K.P particle of mass m is described by the following equation: In the present w ork, we restrict our analysis to the scalar particles, i.e we take p = 0 . Thus 0 = = e 1 + g e 0 5 = e 1 + g e P :
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The which are elements of the space of representation of the operators above h a ve the general form = fP f P : We n o w aim to arrive at a phase-space D.K.P equation. Following 1 we rst regard the free particle equation The construction of the above relations amounts to apply the techniques introduced in 1 to derive a Liouville type equation in the generalized phase space. The relations 20 are analogous to the relations between the Grassmann algebra and the Cli ord algebra shown in 1 . Here, however, they have a di erent i n terpretation.
III D.K.P equation on the generalized phase space
The above algebraic calculus is based on an algebra for vectors and covectors see Appendix. Therefore it gives rise to a structure similar to the momentum phase space i.e the image of a local chart of a cotangent bundle The generalized relativistic phase space of the D.K.P particle can modulo relativistic constraints be viewed as the product space In 53 we h a ve the vector part of F being modi ed by two similar terms. Contrary to 51, these terms operate only on the vector part since they vanish on the scalar part. The third term shows the e ect of the spin of the DKP particle which appears coupled with the electromagnetic eld only in the vector part. Here there is a complete similarity with the Liouville operator for the Dirac equation derived in 1 . The term b y b , b y b is just the spin operator S exhibited in 9 . Notice that despite we are analyzing the scalar case p = 0, there is always the p + 1 term involved. As aforementioned, this is because the D:K:P algebra gives rise to a total matrix algebra of order p and p+ 1 .
IV Conclusions
We h a ve shown how to apply the phase space approach proposed by Bohm and Hiley 1 in order to nd a formalism describing bosonic particles. In such an approach the physical property of spin appears in a classical relativistic algebraic formalism in phase space. This space can be viewed as a product space which naturally embodies new kind of algebraic operators besides the usual di erential operators that feature in the plain Liouville formalism. The generators of the D.K.P algebras are constructed in the standard fashion used for deriving Cli ord algebras out of bilinear forms.
Via a relativistic version of the Wigner-Moyal transformation we h a ve arrived at two Liouville type equations. One for free particles and the other for particles in the presence of an electromagnetic eld. In previous works on this subject Bohm and Hiley studied the Dirac equation and its non-relativistic case 10 . Therefore our results add to the program since we w ere able to exhibt an algebraic development for the relativistic phase space describing bosons as well. As a consequence, the interpretation of the solutions of the Liouville equation as spin elds having certain independence of motion, and the phase trajectories as whole depending on the interaction of these elds with the electromagnetic eld has also been veri ed for bosonic systems.
So Cartan 12 , the minimum left ideal of the Cli ord algebra can be taken as the space of spinors of the algebra. The group of innerautomorphisms of the algebra acts irreducibly on the minimum left ideals thus yielding a spinorial representation. A w ay to construct minimum left ideals in an algebra is to use a primitive idempotent. In our case the element P introduced in 61 happens to be a primitive idempotent 13 since, P 2 = P;P = P; P,P = cP; , 2 C W; c 2 C:
Hence a minimum left ideal of CW can be formed by the projection ,P for every , 2 C W. We denote the projected space by C P W.
Analogously one can form the space P, denoted by C P W, which is a minimun right ideal of CW. It turns out that CW is a matrix algebra and has a representation on the subspaces C P W and C P W. Let us see how this result works in terms of components. V-III The Dirac algebra
The algebra CW developed above is an a ne algebra since it is generated by a set of vectors and covectors de ned independently. When a metric is available one can distinguish two metric subalgebras in CW gener- Here an important point on the notation is in order 2 . The element noted by g e does not mean to lower the indices with the metric. We just mean that there is a sum on thus leaving free the indice to balance the equality. In this regard we should point out that the multiplication rules of the algebra depend on the covariant or contravariant nature of the generators. The elements + generates a Cli ord algebra corresponding to the positive metric g . When n = 4 and g is the Minkowski metric, we h a ve the Dirac algebra of space-time.
V-IV The Du n-Kemmer-Petiau algebras
The elements p = p! ,1 P JP
